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Abstract—The method of expansion of three-dimensional displacements in a double power series of the
transverse coordinates is employed to find one-dimensional equations applicable to low frequency vibrations
of uniform, elastic, isotropic and anisotropic bars. The axial displacements accompanying torsion are chosen
specially for each cross-sectional shape of bar—resulting in the correct, or nearly correct, torsional rigidity.
Applications are to bars of elliptic, triangular and rectangular sections, illustrating various independent and
coupled extensional, flexural and torsional modes of motion.

1.INTRODUCTION

Poisson’s[1] reduction of the three-dimensional equations of linear elasticity to one-dimensional
equations of low frequency extensional, flexural and torsional motions of bars, by means of
series expansion followed by truncation, has been the subject of many revisions, modernizations,
amplifications and extensions to higher frequencies—most recently, for example, by Volterra[2],
Medick(3, 4], Bleustein and Stanley[5], Dokmeci[6] and A. E. Green, Naghdi and Wenner[7].
(References to earlier papers may be found in the review articles by W. A. Green[8], Abramson,
Plass and Ripperger 9], Miklowitz[10] and Redwood[11]). Before proceeding with developments
at high frequencies, there remains a modification that can be made at the low frequency end of
the torsional part of the motion and also affects high frequencies—as will be shown subsequently.

In the linear theory, the usual process of truncation of a power series expansion of the
displacements, u;, i = 1, 2, 3, involves the retention of all or part of a sequence of early terms; e.g.
if the axis of the bar is along x,,

w = w0+ o+ xau’ !+ xaxsut (L1
where the u™" are functions of x, and time, ¢, only. These terms readily accommodate low
frequency extensional and flexural motions since, in those cases, the three-dimensional
displacements approach the approximate forms, as the frequency approaches zero and the wave
length approaches infinity, so that, at the limit, the extensional and flexural rigidities are exact.
However, in the case of torsion, only the bar of elliptic (including circular) section has
displacements that can be represented by (1.1), or part of it, at the zero frequency, long wave
limit. For all other sections, the axial displacement is more complicated.

Since each section has its peculiar axial displacement in torsion, it is necessary to eschew a
restriction to one or a few terms as a universal approximation for all sections if an ad hoc
correction factor is to be avoided. The series of transverse components of displacement, u,™",
us™", may be truncated as usual, but an infinite series of axial components can be retained in the
derivation of a set of approximate equations applicable to all sections. Then, for each section to
which the equations are applied, a select few terms, not necessarily early ones, may be chosen
judiciously. As has been shown[12], the selection can be made so that the exact, St. Venant
torsional rigidity is obtained for the infinity of sections for which the St. Venant torsion function
is a polynomial in the transverse coordinates [13]. For other sections, a close approximation to the
St. Venant result may be found; for example, the two term selection u,"*, u,>' produces an error
of only 0:1% for the square section.

As usual, the order of the system of one-dimensional differential equations governing the
motion is twice the number of components of displacement retained. However, the additional
axial components do not contribute to the order of the final system as they are accompanied by an
equal number of linear, algebraic equations relating them to the lower order terms. The solution
of this system of simultaneous equations serves to eliminate the additional displacements—in
effect allows their free development—and leaves, finally, only a single, second order differential
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equation governing the torsional motion. The scheme is analogous to the elimination of the
contour strains in the usual low frequency approximation for extensional vibrations—which is
also adopted here: the contour stresses (those in the normal plane) are set equal to zero and the
resulting equations are used to eliminate the contour strains from the stress-strain relations;
leading, ultimately, to a single, second order differential equation governing the axial
displacement.

In addition to the second order differential equations for low frequency torsion and extension,
there are two pairs of second order equations for flexure~—also with vanishing contour stresses in
the low frequency approximation. However, the Bernoulli-Euler equations (the most elementary
form) are not good approximations to nearly as high frequencies as are the elementary equations
for torsion and extension. Accordingly, the Timoshenko shear deformation terms[14], which do
not raise the order of the differential equations, are retained to the end that, in the case of
anisotropic bars in which flexure may be coupled with torsion and extension, the various
equations are valid up to comparable frequencies.

The rotatory inertia terms which, together with the Timoshenko shear deformation, produce
the fundamental, high frequency axial shear modes, are, in general, omitted from the equations of
flexure as they introduce complications that are better left to a treatment of high frequency
vibrations. In the first place, anisotropy may produce coupling between flexure and extension or
torsion and, except possibly for torsion of circular or near circular sections, the approximations
for extension and torsion are not valid to frequencies as high as those of the fundamental axial
shear modes. Secondly, the shape of the cross-section of the bar may be such that a contour
mode (one in which the displacement is in the plane of the normal section) may have a low
frequency cut-off lower than that of either or both of the fundamental axial shear modes. An
extreme example is that of a strip or blade for which one or even more than one of the contour
flexure modes may have a lower frequency than that of even the lower of the fundamental axial
shear modes. Since the contour stresses are neglected, in the low frequency approximation, there
can be no contour modes and their absence is one of the factors which must be taken into account
in deciding whether or not to include one or both of the rotatory inertia terms. Except for certain
types of approximation valid only at very long wave lengths[15-17], it is not permissible to omit
intermediate branches; and, of course, it is foolish to employ approximate equations which take
into account branches higher than those of influence in the frequency range of interest. Medick,
in his studies of high frequency extensional vibrations of isotropic bars of rectangular
section[3, 4], appears to have been the first properly to take into account such complications.

In Section 2, which follows, there is summarized a now familiar process of obtaining a doubly
infinite series of one-dimensional equations of motion, end conditions and stress-strain-
displacement relations from the three dimensional equations of linear elasticity. Next, in Section
3, the truncation of the series for the low frequency approximation is effected. The main features
of the truncation are: the elimination of the contour modes; the retention of the fundamental axial
shear deformations but not, in general, the accompanying rotatory inertias; the retention of an
unlimited number of axial displacement terms and the establishment of an equal number of linear
algebraic equations to relate them to the lower order displacements. In Section 4, the six
stress-equations of motion and boundary conditions are stated for the six surviving dependent
variables: three components of displacement and three of rotation. The next three sections
contain applications to extensional, torsional and flexural motions of isotropic bars of elliptic,
equilateral triangular and rectangular cross-sections as examples, increasing in complexity, of the
selection of terms from the infinite series of axial displacements. The calculations of the torsional
rigidities have been described before[12], but are summarized here for completeness and ready
reference. Section 8 contains a treatment of the bar of elliptic section and the most general crystal
anisotropy—resulting in the coupling of all four modes of motion: extension, torsion and two
flexures. This is followed, in Section 9, by a detailed application to a free-ended quartz bar, of
elliptic section, with the trigonal axis and a digonal axis of elastic symmetry parallel to the
principal axes of the ellipse—in which case one of the flexures is coupled with extension and the
other with torsion, but the two pairs are not coupled. In Section 10 an analysis by Voigt[18, p.
641] is reviewed to explain why, except for the elliptic section, the absence of the contour modes
restricts the allowable anisotropies to those for which the normal section of the bar is a plane of
elastic symmetry. Such a bar, of rectangular section, is treated in the final section.
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2. EXPANSION IN POWER SERIES

From the linear theory of elasticity we need, for the present purposes, only the
stress-strain-displacement relations and a variational equation of motion. The former are

T = ¢S or T, = ¢S, 2.1
Sy =2 (s + uiy), 2.2)

in which the Ty, i,j=1,2,3 (or T,, r=1... 6) are the components of stress; the S; (or S,
s =1...6) are the components of strain, where

(81, 82, 83) =(Su, S22, S33), (84, Ss, S6) = 2(S23, S31, S12);

the u; are the components of displacement; and the c;u (or c.s) are the elastic stiffnesses.
The variational equation of motion, for a body occupying a volume V, bounded by a surface S
with outward normal n on which act surface tractions t;, is{19, p. 115]

j 't f (T, - pi)ou, dV + f Lt j (t, — T, dS =0, 23)
to v fo s

from which follow the stress-equations of motion,
Tiyi = plis, 2.4

and boundary conditions sufficient, in the absence of singularities and discontinuities, to assure a
unique solution of the fifteen equations (2.1), (2.2) and (2.4): specification, at each point P, on S,
of one member of each of the three products

Tnnun, Tnsus, Tmut’ (25)

where n, s, t are orthogonal directions at P,

The cross-sections of the uniform bar are positioned with their centroids on the axis of x, and
their principal axes along x; and x;. The components of displacement are expanded in a double
series of powers of the transverse coordinates:

W= 2" ()= D G ™, (2.6)
m=0n=0

mn =0

where x,™ and x;" are the mth and nth powers of x» and x; while u™" (x,, t) is the amplitude (x,
and t dependent) of the mnth term of the series. The single summation sign, for the double
summation, is employed, in the sequel, to save space.

From (2.2) and (2.6), the components of strain may be expressed as

Si= D x""SF" or S = > x"x"S™ 2.7)

m,n =0 m,n=0
where

= luit w1 (o™ A ST )+ (1 1) (Saut™ T+ Sa™ )],
(2.8)

in which §; is the Kronecker delta and the relation of the S,™" to the S;"" is the same as that
between the S, and the Sy. Note that, since the u,™" are independent of x» and x;, the differential
quotients uj;" are zero except if i = 1.

Upon substituting the expansion (2.6) in the variational equation (2.3), we find, for a bar with
ends at x, = £/ and cross-sections with area A and contour C,
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o t i .
2 dtj. ( ;r}.n_ ng}-l‘"“n ;v},nf—l +Fim.n _pUn,n)auj . dxl
~1

mun=0 Jto
+ 2 dt[t™" = T 8u™ =0, (2.9)
mon =0 Jtg
where
T:l?l - j Tin2mX3n dA’ (2‘0)
A
ij,n :§ tszmx3" ds’ (2.1 l)
C
tjm.n - J. tszmx;l dA, (212)
A
n Y preatagea (2.13)
U; Zo j
[ :j L dA (2.14)
A

Note that, since x, and x; are principal axes of the section of the bar,
"=1""=1""=09. 2.15)

In the case of a rectangular section x= = b, x;= %,
b

ij," = f [tszm-\’zn ]fb dx:+ J [tjx2mx3" ]ir dx (2'16)

-h

and, for m >1 or n > 1,

ma_ [407 " (M + D) (n 4 1), m and n even
™= { 0, m or n odd. (2.17)
From (2.9) follow the stress-equations of motion of order m, n:
T —mTs "= nT5" '+ F™" = pU™" (2.18)
and the end conditions: one member of each of the products
lnmu‘m.n’ ;Vlz.nuzlnyﬂ. ;’;"u:’m." (2'19)
on x; = x|/
Finally, the constitutive equations,
™= > ", 8., (2.20)

p.q=0
are obtained by substituting (2.7) in (2.1) and the result in (2.10).

3. TRUNCATION OF SERIES FOR LOW FREQUENCIES
We begin the truncation by discarding, in the stress-strain relation (2.20), all §,™" for

m +n > 1 except those parts of S,”" which contain #.™" (but not u7"); i.€. we retain, at least
temporarily, all orders of axial displacement and such displacements and displacement gradients

as appear in the zero-order and first order strains: S5,°°, §,'°, $.°'. Thus, (2.20) becomes

p+q<2

Trm,n - 2 Im+p.n+qcrssxp.q+ 2 I"H')"Mq[crs(p+1)u1p+]‘q +C,5(q+1)u1""'“]- (31)

p.q=0 PHg
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Next, in the expression (3.1) for the case m =0, n =0, i.e.

p+q<2 o
T = 3 ISP+ D>, I™[colp + Du” ™ +crs(g + D™, (3.2)
p.q=0 p+qg>1

we set the zero-order contour stresses equal to zero:
T,=T""=T =0 (3.3)

and use the resulting equations to eliminate S.*°, $;*° and $.>° from the zero-order stress-strain
relations. By this process, we permit the free development of the zero-order contour strains. To
obtain the solution of (3.3) for T,°°, Ts*® and T.>°, we first multiply (3.2) by the compliances s,.,
where the matrix of the s, is the reciprocal of the stiffness matrix:

SrtCrs = 015, 1,8, t=1...6, (3.4)
to obtain
SnTr0.0= I0,0S'0.0+ 2 IP.Q[ats(p + 1)u1p+l,q +6;5(q + l)ulp.q+l]. (3'5)
p+g=>t

With (3.3), (3.5) become, for t =1,35,6,

s“TIO.O + §s1 T50,0 + Sei T60.0 = IO.OSIO.(),

§1sTi %%+ 555 Ts> + s6s T ° = 1°°S5°° + Z I"(g+ Duy, 3.6)
p+g>1

s16T:"°+ §56Ts>° + $66 T = 1°°8° + 2 I (p + l)ulpﬂ'q-
pt+tg>1

The solution of (3.6) for T,*°, Ts>° and Te™° is

TLO=108S:™+ >, I[c2S(g + D"+ coslp + Dur” ], a8 = 1,5, 6, (3.7

p+q>1

where
Cap = Aap|Sas] (3.8)
in which |5.g| is the determinant
S Sis Sie
{Sag| =851 Ss5 Ss6 (3.9

S61  Ses  Seo
and A.s is the cofactor of element af in |s.q|:
A= Ss5566— Sgs, A1s = Ss56561 — Ss51566, A16= Ss51565 — S55S61,
2
A51=Als, Ass= §$11866 — S 16, A56=S|5S61-S|1S65, (310)

2
Ae =A|6, A65=A65, Ass = S11855— S1s.

Note that the final, zero-order stress-strain relations (3.7) contain the axial tensile stress and
strain:

T, $\*°=uil, (3.11)

for extensional motions, and the transverse shear stresses and the accompanying shear strains:
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T, Ss™"=usi+u™, (3.12)
T, S =uxi+u,'’, (3.13)
which participate in flexural motions. The strains Ss"° and S¢"° are the ones that are set equal to

zero in the Bernoulli-Euler theory but are retained in Timoshenko’s theory.
For later use, we record, here, the result, from (3.5), for the zero-order contour-shear strain:

S40'0 = 28(2)30 = (SmT]o'o + Ss4T50'0 + S“T(’O.O)/Io.o. (314)

Proceeding, now, to the first order stress-strain relations, we retain only the flexural stresses
and strains:

T."°, $"=ul, (3.15)
T, S =ul,
and the torsional stresses and strains:
T, 85" =uil+u,', (3.16)

T, S =usi+u'"';
i.e. we set

T T31 0 _ T4l 0 _ Tsl 0 =0,
3.17)
T T}o 1 T40 1 T50.1 =0,

in (3.1), and use these eight relations to eliminate (i.e. allow the free development of) the
corresponding strains. Thus, we have, from (3.1), recalling that I'*=I>'=1""=0,

T =18+ > I" ™ celp + Du” "+ cos(g + Duy™ ™,

p+q=>1

T =1%c. 8™+ X I™ewolp + D™ +¢s(g + Dui” ']

p+g>1i

whence, upon multiplying by s., we have

SnTyLOZIz’oSyLo“' 2 Ip+1.q [5'6(1) + 1)u1p+1.q +8,5(q + l)u.""‘“],

pia>1

3

$. T =TS + D I '[8elp + D™ + 8es(g + D™ ™. (3.18)

p+q>1

After expanding the left hand sides of (3.18) and employing (3.17), we can solve the first of (3.18)
for T,"® and Ts"° and the second of (3.18) for T:>' and Te":

TO=Ica$'+ > I"™el(g+hu™", ab=1,5,

pt+ta=>1
(3.19)
Tco'l IO2 01 _+_ 2 IPQ'H 0,1 (p+1)u‘p+1q c, d—-l 6
p+g>1
where chp =32, ¢ =% and
(c :'10, o o :'50) = (555, S11,— S15)/ (811855 — §3s), (3.20)

(c91, c%', c76) = (Ses, S11, —S16)/(S 11566 — §36). (3.21)
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Employing the strain-displacement relations in (3.11)—(3.13) and (3.15) and (3.16) and adopting
the notations

us™" =™, ue™" = U™, (3.22)

we may write the zero-order and first-order stress-displacement relations, for the low frequency
motions, as follows:

T2 =I"cogups+ > I™[cos(q@ + Du™ '+ co8p + Du” ], aB=1,5,6 (3.23)

p.a=0
T =1 causi+ > I""cuf(q + Du" " "a, b = 1,5, (3.24)
p.g =0
T = I1%cudy + zor"‘*“c‘zz(p + D" o, d =16, (3.25)
p.a=

As the final step in the truncation process, we allow the free development of the higher order
axial warping of the sections of the bar, at the long wave, low frequency limit, by setting the force
associated with each of the u,™", m + n > 1, equal to zero. From the equations of motion (2.18),
with j = 1, we omit the axial stress gradients T7" and the accelerations U,™", which vanish at
infinite wave length and zero frequency, and we also omit the surface forces F,™", with the
result:

mT 4 n T =0, m 4 > 1, (3:26)

These are the equations which are to be used to eliminate the higher order u,™".
The stress-strain-displacement relations, for the stresses in (3.26), are obtained by setting

T, =T, =Ty = T™ =0, m +n > 1, (3.27)

in (3.1) and solving for Ts™" and T¢™", with the result:

p+rg<2 o
Tgm'"' = 2 Im+p'n+qc_§ns11p‘q + Z Im+p‘"+q[6§6(p + 1)u1p+l‘q + C_gs(q + l)ulp’q+l]’
p.g=0 p+q>1
(3.28)
where £ =5,6; n=5,6 and
(Css, Cosy Cs6) = (Ses, Ss5, = 8s6)/ (855866 — Sge). 3.29

In (3.28), S5*°, §6™°, S5"° and S¢™' are given in terms of displacements by (3.12), (3.13) and (3.16),
but S¢"° and S5*' have to be calculated from (3.18):

12’0561’0: SasTal‘o— Z Ip+lvq(p + 1)u1p+l’q, a= 1,5,

p+g>1
(3.30)
IG.ZSSO,I — SCSTCO.I _ 2 Ip,q+l(q + l)ulp.qﬂ, c = 1,6,
p+q>1
where T,'® and T.*' are given by (3.19).
In the isotropic case,
515:S15=S56=0, S55=S56=1/M, Sn:l/E, (331)

where p is the shear modulus and E is Young’s modulus. Then (3.23)~(3.25) become

1J88 Vol. 12, No. 1-C
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TIO.O = I().OEu (]):([),

T50,0: IO'OI.L(M‘;:?‘*' ulo.l)_i_“ E Ip,q(q + 1)ulp.q+1’ (332)

pra>1

T =1"n i+ u Y+ > I™(p + Du, M,

p+q>1

T, = pogyte (3.33)

T51'0:Iz'OI.Lu'_l;:?+IJ. E Ip*l.q(q +1)u1p.q+l,

p.ga=0

o, 0,2 )
T, =7 Eu?.},

(3.34)
T(;o‘] = Io‘zl.Lu(z):} + m 20 Ip,qﬂ(p + 1)u‘p+1.q,
p.g=
and, from (3.14), $.>° = 0. Also, (3.28) and (3.30) become
p+g<2 o
Tsm.n =p 2 Im+p.n+qssp,q +I~L z IM+p,n+q(q + l)ulp‘q+l, m+n> 1, (3.35)
p.q=0 p+a=>1
p+g<2 i
Tsm'" =pu 2 Im+p,n+q86p,q + n 2 IM+p.n+q(p + 1)ulp+l.q’ m+n>1
p.q =0 p+q>1
and
12.0861.0= _ 2 Ip+]'q(p +1)u‘p+l,q (3.36)
p+q>1
10'2350'1= _ z Ip,q+1(q + l)ulp,q+l
p+qg>1
respectively.

4. STRESS-EQUATIONS OF MOTION AND BOUNDARY CONDITIONS

There is a stress-equation of motion (or equilibrium) for each of the surviving components of
displacement and rotation.

For the zero-order displacements u,"°, u,"°, u:>°, we have, from (2.18) with m =0, n =0, the
stress-equations of motion

W+ F = I,
o8+ F2™° = pI®%ii,"°, 4.1)
T(5)(1) + F30.0 = pIO.0ﬁ30,O’
in which the higher order accelerations have been omitted.

For the rotations u,'° and #,>' about x; and x.,, respectively, we have, from (2.18) with m =1,
n=0and m =0, n=1 and j = 1, the stress-equations of equilibrium

- T+ F,' =0,
4.2)
T _ 7004 F,% =0,

in which the rotatory inertias pI*ii,"° and pI®%ii,>" and all the higher order inertias have been
omitted.
The rotation about x, (the torsional rotation) is defined as
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0 =5u""— u>") 4.3)

(i.e. positive clockwise advancing in the positive direction along x,) and we note that, since
S =1 + ™),

U’ =SW+0, u'=8%-4. (4.4)

The torsional stress-equation of motion is obtained by subtracting (2.18), withm =0,n =1,j =2,
from (2.18), with m =1, n =0, j = 3, and neglecting the contour shear acceleration S35 and all the
higher order accelerations. The result is

Tsi—Tei+Fo=p(I*+1™4, 4.5

in which F, = Fgl'o_on'l.
The torque about the line of centroids of the bar is

M1 = Tslvo_ Tﬁo’l, (46)

positive M, producing positive 4. The couples T, and T,*"' are the bending moments sometimes
designated by

Ms= — Tll,o, M,= Tlo.l’ (47)

i.e. positive counter-clockwise about the axes of x; and x,, respectively, as viewed by an observer
looking toward the origin.

The equilibrium equations (3.26), one for each u,™", m + n > 1, that is retained, constitute a
set of linear algebraic equations which are to be solved for the u,™" in terms of the six dependent
variables: the three displacements u,”°, u,*°, u,"° and the three rotations u,"°, u,"’, 6. The
resulting expressions are then to be substituted in the constitutive equations (3.28), for the
anisotropic case, or (3.32)-(3.34) for the isotropic case, to obtain the stresses exclusively in terms
of the six dependent variables. This will permit the six stress-equations of motion, (4.1), (4.2) and
(4.5), to be expressed solely in terms of the six variables—resulting in a twelfth order system of
partial differential equations for the general, anisotropic case.

As for end conditions, all that remains of (2.19) is the prescription, at x, = + [, of one member
of each of the six products

T]O,Ou 10.0, T60,0u20,0’ T50,0u30,0, Tll.Ou . 1,0’ Tl(),l u 10,1’ (Tsl.() _ 60,1)0' (48)
There are also six surface-tractions:
0.0 0,0 0,0 K 0,1
Fl ) FZ ) F3 ) Flloa Fl 3 F09 (4'9)

to be prescribed on the cylindrical or prismatic surface of the bar. Alternatively, one or more of
the six dependent variables may be specified—as a consequence of which the order of the system
of differential equations is reduced, as each of the corresponding equations becomes simply a
formula for a surface traction.

5. ISOTROPIC BAR, ELLIPTIC SECTION

In this and the next two articles, the equations of motion are derived for isotropic bars of
elliptic, triangular and rectangular sections to illustrate successively more complicated
contributions of the terms of the series of axial displacements.

For the ellipse, with semi-principal axes b and c, along x: and x, respectively, the axial
displacement found from the St. Venant theory is[19, p. 317]

ur= — (b= 0,1 x:x5/(b* + ¢?). 5.1
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Accordingly, from the series of u,™", m +n > 1, we retain only u,"". Then (3.26) become
TS + T =0 (5.2)
and (3.32)-(3.34) reduce to

T.°"=I""Eu}}

T = 1" sy + u"),

Tso.o _ IO'O/JJ(M(;:?‘*' ulo,l)’

T]x,oz IZ'OEM::?. (53)

Tsl,o= Iz'ou(u§1?+ u]l.l) - Iz.ou(ull,n +0.),

T](),l — IO.ZEu?:{,

T =TI Ui+ "y = I%p (™ = 6.,).
The second forms for Ts"® and T, are obtained from (4.4), in which S5, according to (3.14), is
zero for the isotropic case. Upon substituting these two expressions in (5.2) and solving for u,""’,
we find

ut = (1% = PRI+ 1), S

from which the torque-twist relation is

Ts' = T = 4pl 129 (1% + I*°). (5-3)
From (2.14),
I°% = mbc’ja, I*°=mb’c/a. (56)

Hence, the torsional rigidity is
C= (Tsx,o_ Tﬁo.l)/e‘] — 7T}Lb3C3/(b2+ CZ), (5.7)

which is the St. Venant value ([19], p. 323).
The equation of torsional motion is, from (5.5) and (4.5),

4?1708, + (1% + I*°)Fs = p(I°* + I*°76. (5.8)
The equations of extensional and flexural motion are, from (5.3), (4.1) and (4.2):
Extensional,
I°°Eulti + F\*° = pI*ii,*°, (5.9)
Flexural (x;— x: plane),
w3 + w55 + B, = pI i,
(5.10)
I°Eurh = I"°pu3l+ ")+ F,'° =0,
Flexural (x:— x3 plane),
I u(usS + uth) + F5™ = pI*%iis™,

(5.11)
IO'ZEu?j:‘ _ Io,o“(ug:(‘)_*_ u1°")+ F' =0,
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There is no coupling between extensional, flexural and torsional motions and the torsional
warping of the sections does not affect the extensional and flexural stifinesses. Equations (5.10)
and (5.11) are Timoshenko’s beam equations[14] with the rotatory inertia terms and the
shear-correction factors omitted. If the eccentricity of the elliptic cross-section is not large
enough for the lowest contour-flexure mode to approach one of the fundamental axial shear
modes, the rotatory inertia terms pI”>ii,"® and pI**ii,*" may be added to the right hand sides of
the rotational equations in (5.10) and (5.11). Concurrently, the Timoshenko shear-correction
factors should be introduced by replacing u by >’y in (5.10) and by x5’ in (5.11) where «, and
k3 are chosen to make the frequencies of the axial shear modes match the corresponding ones of
the three-dimensional theory[20]. The ranges of validity of the equations of flexure are thereby
raised to frequencies about 20% above those of the axial shear modes. With the rotatory inertia
terms omitted, “20% above” is reduced to about ““50% below™ and a slight improvement can be
effected by retaining the shear-correction factor but adjusting it to obtain a match between the
surface wave frequencies from the approximate and exact equations[21].

The lower the frequency, the less is the influence of the shear-deformation terms and, hence,
the shear-correction factor. At low enough frequencies, say less than 10% of the fundamental
axial shear frequency, the shear-deformation terms may be omitted entirely: thereby reducing
(5.10) and (5.11) to Bernoulli-Euler equations. This is done by eliminating the shear terms

0.0 10 0,0 0.1
Uza+ U™, U3+ Uy

between the deflection and rotation equations, following which the rotations u,"® and u;™' are
replaced by —u3} and —u3?, respectively, with the results:

IZ,O‘EM;):(I)“l +pIO,01-l-20,0 = F20.0+ F:(l), (5.10)1
Ioszug:(])n] +p1°‘01:4‘30.0: F30,0+F?:|1, (5]1),

which are the Bernoulli-Euler equations.

6. ISOTROPIC BAR, TRIANGULAR SECTION

If the cross-section of the isotropic bar is an equilateral triangle with sides defined by[19, p.
319]

(x2—a) (xa—x\/3+2a) (x2+ x:3/3+2a)=0, 6.1
the axial displacement in torsion, according to St. Venant, is[19, p. 319]
U= (3X2ZX3 - x33)6,1/6a. (62)

Therefore, of the u,™", m + n > 1, we retain only u,>" and u,**; and the equations for calculating
them are, from (3.26) withm =2, n=1and m =0, n =3:

2T+ T°=0, T2 =0. 6.3)
For the stresses, we have, from (3.32)-(3.34),

T\ = I°Eut},
TSO,() — M [IO.O(ug:?+ ulo,l) + 12,0u12,1 + 31’0,2u10,3]’

T = /.LIO’O(ug,'? +ui'),

T."=I*°Eu:}, (6.4)
TSI,O — M(IZ‘Ou;,)(l) + I3,0u12.1 + 311.2u10.3)’
T]O.l - Io,zEu?::,

T = w(I°%uls +21u,,
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and, from (3.35), noting that, in the present case, I™" =0 if n is odd,

TSZ.(] — M[IZO(ug(])+ ulo']) + IB‘OM;:(]) + 14‘()”12" + 312.21/“0,3],
TS(),Z = fL[Io’Z(ug'(l) + ul(lv]) + Ilzula.(l) + 12.2u12,l + 3[0‘4’1'0,3], (65)

Tﬁl,l = I.L(Ilzug: + 212‘21412‘1),
in which, from (6.1) and (2.14),

I°° = 31/3a?,

%=1 =3\/3a"}2,
(6.6)
I'*= -1 =3\/3a°5,

[°*=I*° =31 =9V3a%5.
Upon substituting (6.6) in (6.5) and the result in (6.3), we may solve the latter for u,”' and

03,
U, .

u12'1 =0.2a- (u(s)'.? + u‘o,l)/4a2’
(6.7)

= = 0./6a - (u35+ u,*4a’,

after noting, from (4.4) and (3.14), that u;"° = — u,>' = . Then, inserting (6.7) in the second, fifth
and seventh of (6.4) we find

1

TSO‘O — E IOOM(u(j)(‘) + ul(),l)’
(6.8)
T51.0_ Tﬁo,x - 10.4“6‘]/‘12'
The second of (6.8), with (6.6), vields the torsional rigidity:
C= (Tsl'o - T(,OJ)/OJ = 9\/3[.14(14/5, (69)

which is the result from the St. Venant theory[22, p. 266]; and the equation of torsional motion is,
from (6.8), (6.6) and (4.5),

wl®0.1+ a’Fo = 2a%1°pé. (6.10)

The equations of extensional and flexural motions are, from (6.4), (6.7), (4.1) and (4.2),
Extensional,
I°°Euth + F0 = pI i, (6.11)
Flexural (x,— x, plane),

IO.O,L(ug:(l)‘ + u:(l])+ FZO.O = pIO.Ou-ZO,O’

(6.12)
IP°Euith - 03+ u" )+ F'° =0,
Flexural (x,— xs plane),
LIS+ ulh) + F3° = o0,
(6.13)

1
Io.zEu?::] -5 I°’°u(u§’:?+ u10.1)+ F>' =0.
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Inclusion of the axial displacements u,>' and u,** does not affect the flexural motion in the
X1 — X2 plane—which is a plane of geometrical symmetry—but the flexural motion in the x, — x,
plane (parallel to a face of the triangular prism) is affected, as can be seen by the factor 1/2 in the
expression for Ts*° in terms of displacements, in (6.8), and, consequently, in (6.13). This effect
diminishes as the frequency approaches zero, so that the two dispersion relations become the
same.

If the rotatory inertia terms are included, the two shear-correction factors for flexure may be
calculated from the circular frequency

o =QwBa)(ul3p) (6.14)

(the same for both modes) obtained from the three-dimensional theory{23]. As a result, the two
dispersion relations again become the same.

7. ISOTROPIC BAR, RECTANGULAR SECTION

For the rectangular section, the axial displacement in St. Venant torsion is not expressible as a
finite polynomial. As an approximation we retain, of the u,™", m + n > 1, only the four terms

ull,l, ull,3’ u13,1, u]3‘3 (71)
so that (3.26) become

T+ T =0,
T +3T52 =0,
3T+ T =0,
T+ Ts* =0,

(7.2)

and the stresses, from (3.32)-(3.34) and (3.35) are

Tl().O = IO.OEu ?.?

T = I"u(ush + ™),

T60,0 = IO'O[L (u(z):? + ull’o), (7.3)
T~ POEu

T]O.l = IO.ZEu ?,: ,

and

TGOJ = #(_10,20’1 + IO,Zull,l + I0,4u11.3 + 312.2u‘3,1 + 3[2,4ul3.3),
TSI.O - M,(IZ-OG,] + IZ,Ou‘l,l + 3[2,2u11.3 + I4,0u13,1 + 314,2u13,3),
T60,3 = u(—[0’40,1 + IO,4u11.l + 10.6u11,3 + 312.4u13.1 + 3[2,6ul3.3)’
T51,2 = M(IZ,ZOJ + IZ.Zull,l + 312,4u11,3 + I4.2u13,l + 314.4u13.3),
T62.1 = “{(__12,20'l + I2,2ull.1 + 12,4u11,3 + 3I4v2u13,l + 314.4u13.3)’
T53.0 = #(14.00'1 + I4,0ull,l + 314,2u11,3 + 16,0u13,l + 316.2u13,3),
T62.3 = “(_12.40‘1 + 12.4u‘1.1 + IZ,6u11.3 + 314.4u13,l + 3I4,6ul3,3),
T2 = w(I420,+ 12w + 31, + 1%, +31%%u,),

(7.4)

in which the I™" are calculated from (2.14) or (2.17) for the section x,= = b, x3= *c.
Upon substituting (7.4) in (7.2) and solving for the axial displacements, we find
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= (k- 1) (14 + 375k + 14k 0../A,
u," =35k(1—6k*—Tk%8./c*A,
u =35k%T + 6k — k*6./bA, (7.5)
u™ =245k (k* — 1)8.1/3b%c A,
where
k=clb, A=20k>+17(7+121k*+7k%). (7.6)

The torsional rigidity is

C =(Ts"" = T™60. = kin(2b)'(2c), (7.7

where

(k* = 17+ 212k% +Tk*) | Tk*(13 = 25k> ~ 25k* + 13k°)
DT+ RIKC+TRY T K+ )T+ 120k + 7k

Rk =k*+1~- (7.8)

Values of k; for various values of k are listed in Table | along with the corresponding

Table 1. Torsional rigidity coefficient for rectangular section: k,: four terms of power series, k{: St. Venant solution

k= ch X, k'l X = o/b x, k'l
1.0 0.1407 0.1406 4 0.286 0.281
1.2 0.166 0.166 5 0.298 0.291
1.5 0.196 0.196 10 0.322 0.312
2.0 0.230 0.229 20 0.330 0.323
2.5 0,251 0.249 100 0.333 0.331
3.0 0.266 0.263 - 1/3 1/3 _J

values[22, p. 277] calculated from St. Venant’s solution. It may be seen, from (7.5), that, for the
square section (k = 1), u,"" and u,”* are zero and the approximation reduces to

w' = —u,"? =7/18b%, k.= 19/135. (7.9)

This simple approximation yields a torsional rigidity differing from St. Venant’s result by only
about 0-1%. The fact that u,"' is zero for the square section accounts for the failure of the
Bleustein-Stanley[5] equations for that section, as they used only the term u,"' in their
approximation for the axial displacement. As k increases from unity, the error in torsional
rigidity increases to about 3% around k = 10 and then diminishes to zero as k approaches infinity;
at which limit u,", u,>" and u,*?,in (7.5), are zeroand u,""' = 6.1, corresponding to the correct form:
U, = X230, of the St. Venant solution at that limit.
The equation of torsional motion is, from (7.7) and (4.5),

16kipub’ch.y, + Fo = 2bc (b + ¢?)pé. (7.10)

The equations of extensional and flexural motion are the same as (5.9), (5.10) and (5.11) for the
elliptic section—except that I°°, I°” and I** are given by (2.14).
8. ANISOTROPIC BAR, ELLIPTIC SECTION

The bar treated in this article has the same section as in Section 5, but the material is now
anisotropic. According to the St. Venant torsion theory, the axial displacement is

u, =

Slle_SnMa _ sieM,  suM, SseMy | $16M3 2
2770 20 1X2 22 - %2 1 X3+ 4120 + 0 2

M, 51 M M, /sss s sieM2  sisM
(e [ () S
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and the twist is[18, p. 638]

s Ses \ M, $16M. M

where M, is the torque and M, and M, are the bending moments as defined in (4.6) and (4.7).
From (8.1), we conclude that we have to retain u,"', #,°* and u,*° in the power series for u,™",
m + n > 1, and, hence, the equilibrium equations

T+ Ts°=0, T°=0, T"'=0 8.3)

from (3.26). Now, as may be seen in (3.17) et seq., the last two of (8.3), which provide for the free
development of u,** and u,*°, have already been incorporated in the truncated equations. Hence,
we need apply only the first of (8.3) and include only u,"" in the series of u,™", m + n > 1, in the
expressions (3.23), (3.24) and (3.25), for the stresses, which become:

0.0 _ 700, .00, 00, .00 00, 00, 00, .00 01 00, 1.0
T =1"(cviuyi+cisusi+ Clstiag+ Cisty -+ Croltin ),

0,0 0,0, .00, 00 00, 00 0,0, 0,0 0.0, 0.1 00, 1,0
Ts =I"(csiuri+Cssusi+ Cselio1+ Cssly +Cselr "), (8.4)

0,0 0.0, 0,000 00, 00 0,0, 00 0,0, 00 00, 10
Te " =T"(ceruri+ CesUsrt+ Cesinn+ Cesthr + Cos Uy ),

T, = I*[eduri + cis(usy + u ")) = Ileidusy + ci5'@: " + 0,0)],
8.5
T = POe b+ e 20l + )] = PLebfut+ e 19, + 0.)1,

T = Pef s+ Bt + ) = I2cSutt + et - 6.)]
(8.6)

T = [Pl ubt+ QW+ u )] = I8 utd + ch (@ - 0,)]

where @i, = u,"' + §53. Then, substituting the second of (8.5) and (8.6) into the first of (8.3) and
solving for #,"', we find

= [I%cs —IP%csD)0, — I ceuti— I Purtli(I% c e + I*°c59). (8.7)

With this value of 4,"', we have, from (8.5) and (8.6),

120 IZ.O

1.0 02,01 1,0 2 1,0 0, 0 702 10,01, 0,

T =tz o1 2.0'1‘,0[21 Ces C15 0.1 + ———2—+102011€661 Ui,1—1 C}SC?eslul,i, (8.8)
I'ces +17Css $118s55— S1s

1°? 1°?

0.1 20,10 0,1 2,0 ,0,1 1,0 , 2,0 1,0 0,1 10

T =z —moto | —217css'cl6 00+ (———=+I"clicss Juti—~ Icrscisunt |, 8.9)
I ces +I7Css S11866 — S16

0,2720/4 .10 0.1 10 01,10 011,001
21T (2cs5Ce6 01+ CisCes i1 — Crs Css Uia

Ts"*— T = °2c% + P°c1? , (8.10)

where we have used, from (3.20) and (3.21),
civess — (19 =(susss—s15)

C(l)ilcgé‘ - (C(I)Esl)2 = (Sllsss' S%ﬁ)-l-

Now, (8.10) is the torque M;; but, to get the torque-twist relation in a form comparable to
(8.2), we must first solve (8.8) and (8.9) for u?) and u:] in terms of 6, T.>' (=M,) and T,"°
(= = My):

2I*°c 6 8.

01 _
- [2Le
811855~ 815

1
.1

12‘0 1,0 01)
u + +citces \My — 1P M, |/A
(Io‘z(s”sss_s%) 11 L 66 2 15L1s 3 / ’
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210.20 }500 . I().Z ot 10) ,
- L. ~+ciiess IMs+ 1¢S5 M, |/A,
[ 311366_st (12'0(5116'66*8?6) e } 1516 Mo |

1.0
Uiy

02 1.0 2,0 0.1
_ Cn I""cyy

= 3 3.
S11866 — 816 S118s55— S5

Upon substituting these values in (8.10) and solving for 8,,, we find exactly the Voigt result (8.2).
The equations of motion are obtained by substituting (8.4), (8.8)—(8.10) in (4.1), (4.2) and (4.5),
with the result

ant®’ + @+ anus’ + auu '+ asi® + ad + FO0 = PIO'Ol.l'IO'O, 8.11)
A ® + Aatts®® + Al + Gaalty ™+ sty + 36 + F°0 = pI®%i 0, (8.12)
Al ot + At + @zt + assu, ™' + ased + F5>0 = pI®%ii,*°, (8.13)
Attt "+ Aaath”° + Atz + Qaatty' O+ Qusttn™ + @i — F° =0, (8.14)
asilt: ™ + a5t + as3us"" + asauty O+ assu ™' + ase — F,*' =0, (8.15)

et + aszuzu'o‘*‘ Aestts"’ + @eatty"* + Aosty™' + esf — Fp = — P(IZ'0+ Io.z)é’ (8.16)

where a,, = a4, and

X 042
an= IOOC?l d

,0 00,2 0,0 0,042
a12=I° Cle 0 (122=I Ce6 0

0,0 0,0 52 0,0 .0,0,2 70,0 00,2
as=1"cy5d an=1"¢s ayx=1"cs59

0.0 00 00 .00 0,0 .00
s = Cie 0 =1 Ces 0 asx=1"csd

ais=1°°¢320  aas=I%c%0  ass=1%c5da

@6=0 =0 =10

A= —al™ (P cicss — (1Y + I%ci ce}a> + 1%°ces
Aas = al°I1*% ¢ \Pc %8 9% + I%cSs

Que= —2al?°10%c 1000 o2

ass= — al™{I%[c cee — (Y T+ ¢t cs}a™ + 1%°css
dse = 20(12'0[0'2C?g1C§3032

Ges = — 4ol 1% ciPcs 6°

02 0,1 2,0 1,001
a = (I Ces T C55)

Recalling the definitions of c5g, ¢k and ¢4 in (3.9), (3.20) and (3.21), it may be seen that all
the coupling between modes is solely through the compliances s;s, $16 and ss.. The connections
are depicted in Table 2. In general, extension, both flexures and torsion are coupled; although,
since a6 = 0, the coupling of torsion with extension is not direct, but through flexure. Torsion ()
is coupled with the rotational component u,'® of flexure in the x, - x, plane through a., i.e.
through s,5, and with the rotational component u,”" of flexure in the x, — x5 plane through ass, i.e.
through s.¢. Extension is coupled with both components, u,”® and u,"°, of flexure in the x, — x,
plane through a, and a.., respectively, i.e. through s,¢; and with both components, u,™ and u,*",
of flexure in the x, — x5 plane through a,; and a.s, respectively, i.e. through s,s. The two flexures
are coupled through sse.

If ss6 is not zero, but both 5,5 and s, are zero—as, for example, in the case of monoclinic
symmetry with x, the digonal axis, for which[24]

S15= S16= S25 = S26 = §35 = S36 = Sas5 = Sa6 = 0 (8.17)
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Table 2. Coupling coefficients: anisotropic bar, elliptic section

Flexure Flexure
Extension > "% Torsion
0,0 0,0 [ 1,6 | 0,0] 0,1
uy u, uy u3’ ul'
Extension (8.11) a12 a14 al3 a15
u‘l”° %16 | ®16 || %15 | %15
0,0 212 8.12) 34 [ %23 | s
u s ‘ 0,0 s s
2 ks
Flexure 16 c66 56 56
*1 T %2 1,0 214 224 P34 | %5 246
1 %16 20 ) (B1) 5o | sgg 815
66
0.0 %13 223 | %34 5.13) 335
9y’ 515 856 Sse ) 0,0
F lexure c55
17 %01 15 325 | a5 [ %35 256
0
o 815 856 | Ss6 |20 |(8-154 =6
55
a a
Torsion 846 56 (8.16)
8 15 16

the two flexures are coupled, but torsion and extension are independent. If ss¢ is not zero and
either 55 or s, is not zero, all four modes of motion are coupled. For example, suppose that $s¢
and 5,5 are not zero, but s, is zero, as is the case of classes 3 and 3 of the trigonal system with x5
the trigonal axis, in which case[24]

$16= S26 = §34 = S35 = S36 = S45 = (),

S11= 822, 813= S23, Saa= Sss, Se6 = 2(S11— Slz), (8-18)

§25= — S15s= 5 846, S14a= T 8§24 =3 Sse.
27 2

Then, with x, along the axis of the bar, extension is coupled, through a,; and a5, with x, — x,
flexure which is coupled, through a.;, as, as; and a.s, with x, — x, flexure which is coupled,
through a., with torsion.

If 556 is zero, crystal symmetry conditions require that either or both of s,s and s must be
zero and thus a.s, d»s, a4 and a.s, which depend on sss and the product of s,s and 5,6, must be
zero. Consequently, if sss = 0, the coupling between the two flexures is absent. If sss and only one
of s1s and 5,6 are zero, there is coupling between extension and one of the flexures and between
torsion and the other flexure, but no coupling between the two pairs. For example, if it is 5,5 that
is zero, as in the case of classes, 4, 4 and 4/m of the tetragonal system, for which[24]

§14= S15= 824 = §25 = §34 = S35 = S36 = 845 = S46 = §56 =0

(8.19)

S =822, S23=813, S26= T S16, Saa= 8§55

if x5 is the tetragonal axis, then extension is coupled with flexure in the x, — x, plane and torsion is
coupled with flexure in the x; — x5 plane.

In all of the foregoing, the axis of the bar is that of x,. If the axis of the bar is that of x> or x3,
subscripts 1, 2, 3 are permuted cyclically and, independently, subscripts 4, 5, 6 are permuted
cyclically.

Reduction of the ellipse to a circle does not affect the coupling.

9. QUARTZ BAR, ELLIPTIC SECTION

As an illustration of cyclical permutation, when the axis of the bar is not along x,, and as an
instance of coupling between torsion and one flexure and between extension and the other
flexure, but no coupling between the two pairs, consider the case of an alpha-quartz bar of elliptic
section with x, the trigonal axis, x, a digonal axis and x, the axis of centroids of the sections. The
restrictions on the compliances, for this case of crystallographic class 32 (and also 3m and 3m in
the absence of piezoelectric properties) of the trigonal system, are[24]
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$15= S16= 825 = $26 = $34 = §35 = S36 = Sus = Sa6 = 0,
S11= 822, S23= 831, S§24= — 814, (9-1)

$4a= Sss,  Ss6= 2814, 86622(311‘512).

As x» is along the axis of the bar, s, §24 and ses replace s;s, 516 and sse, respectively, in Table 2

and, from (9.1), $,¢ and Ses are zero but s, is not. Furthermore, in Table 2, u,"°, u>>°, us>°, u,**,

u,”" become u:"°, us"°, u.*°, u.", u,*, respectively. Thus, the coupling is between extension

(u2>%) and flexure (45>, u,"*°) in the x, — x, plane and between torsion () and flexure (u,"°, u."")
in the x,~ x, plane.
The equations of motion of the “extensional” and “torsional” groups become, respectively,
C(zl.z()a 2u20,0 + C(21,4002u30,0 + Cg;‘oauzl,ﬁ _+_ FZO,O/IO,O — pu-ZO,O’
¢ (2):‘06 2u20,0 + Cg;;oa 2u30.0 + C2;08u21.0 + F30.0/I(),0 - plja().(), (92)

C320U" + ¢4 au" + (8 = eI + F T =0,
and

00,2 00 X N X o 0,
Cssa U +62£3u2°1+F100=pu100

800, — (I IPOH I % — () + P elf)a s,

+esats™ +2a (I I 1°%) o 690 — F2>' 170 = 0, -
20l I%% 3 c6d 87w — 4al* 1™ ced ¢l 970 — Fy = — p(I*°+ I*H)4,
where a = (I*?cé +1*%ced)™".
Considering the extensional group (9.2), we set F,*°, F,°, F,"° equal to zero and
(2", us", u2") = (A, B, C)e' ™" (9.4)

and find
(po’—nc3)A — ¢ B +inchC =0,
~CRA +(pw’ = n7ci)B + inctC =0, 0.5)

inco A +incit B+ (e + i I C =0,

The dispersion relation is obtained by setting the determinant of the coefficients of A, B, C equal
to zero, resulting in a biquadratic equation on the frequency:

[+ (82280 — 37152200 ~ [14 771 + 544/522)]7°Q* + 7°=0 (9.6)
or, alternatively, a bicubic on the wave number:

G4+ (1 + $4a/ 522000 = [1 — (522840 — 53 s LI 72+ Q' =0, 9.7)
where

O =po’h®syn, 7 =nh h’=I°1""=b*4
and we note that, in the present case of trigonal symmetry,

(c23, c4?, €34) = (Sas, $22, $20)/(522540 — S34),

¢33 =[ees —(c3V)edd = 1sx.

The coupling between extension and flexure is through s.4. If 5.4 is set equal to zero, (9.6) and
(9.7) reduce to
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@ = 7°) [ = 7*/(1 + s44°[522)] = 0. (9.8)

The first factor in (9.8) gives Bernoulli’s result for dispersionless longitudinal waves; the second
factor gives the Bernoulli-Euler dispersion relation for low frequency flexural waves with
Timoshenko’s correction for shear deformation: 5.:m°/52.

In the case of a bar of finite length, the boundary conditions most convenient for reproduction
in the laboratory (but, unfortunately, not the simplest mathematically) are those for free ends:

T20,0 — T40'0 — TZLO =0 on x.= x| (99)

or, again on x, = =, from (8.4) and (8.5) with one cyclical permutation of subscripts:

0,000 0,0, 0,0
Coan U+ CA U+ ot =0,
0,0 0,0 00
C24u22+C44u32+C44u2 =0, (9.10)
uz =0

The three conditions (9.10) are such that all three roots 7°, of (9.7), are required for each ().
Two of these roots are positive and one negative, so that two of the n are real and one is
imaginary. For every () and each n, i = 1,2, 3, the simultaneous equations (9.5) define a set of
amplitude ratios A:B:C. For each 7, let

Q2 = B/A, as = C/A. (911)
Then (9.4) may be written as

u"% = h(A, sin 7.x2+ Az sin n2x2 + As sinh n3x2),
u3°'° = h(A1(121 sin NiX2 + Azazz sin N2X2 + A3a23 sinh 7]3X2), (912)

uzl'o = A1a31 COS MiX2 + Aza32 COS M2X2 + A3a33 cosh N3X2,
with

2
Q2 <1 _Q2>1

2 _3

. (822844 — 524)9 (S22+ S44)TI. S22

=t 3
§22824Mi S24 T 52007

(9.13)

where the upper signs are for i =1, 2 and the lower signs are for i = 3.

In (9.12) the extensional motion is symmetric and the flexural motion is antisymmetric with
respect to the center of the bar. The converse set would be obtained by interchanging sine and
cosine (trigonometric and hyperbolic).

Upon substituting (9.12) in the boundary conditions (9.10), we find

A]B]] cos 7’]11 + Aan Cos T]zl + AgB]g cosh 7]31 =0,
A 121 cos il + AzB2 cos 12l + AsBas cosh sl =0, (9.14)
A1B3| sin 1’}11 + Azﬂaz sin T]zl + A3B33 sinh T];l =0
where
Bui =[Saam)i + S24(T_}i02i + 013.‘)]/(522344 - S;),
B2i = [82aMi + S22(Titas + @3:)]/($22844 — S§4)y (9.15)
B = Nils:.

Finally, the frequency equation is obtained by setting the determinant of the coefficients of the
A, in (9.14), equal to zero:
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B, tan 9! + B, tan 12/ + Bstanh nsl =0, 9.16)

where

B, = ﬁm(Blan - BZZBI}),
B.= Bsz(ﬁmBz] - stBn), (9-17)
B;= Bss(BnBzz - lean)-

The solution for the torsional group (9.3) is similar as it involves only coupling between a
dispersionless mode (in this case torsion instead of extension) and a flexural mode (in this case in
the x, — x, plane instead of the x, — x, plane) including the Timoshenko shear correction. Since, in
9.3),

0.1
2

Cru = — 514/(822844_ 824).

the coupling coefficient again depends on s»a.

10. ANISOTROPIC BARS: RESTRICTIONS

There are certain situations tn which the contour stresses (T2, Tss, T2s, in a bar with axis
along x,) do not vanish as the frequency approaches zero; in which cases the equations deduced
in Sections 3 and 4 are not valid. The survival of contour stresses in torsional equilibrium may be
seen by inspecting Voigt’s compatibility equations[18, p. 641] which must be satisfied by a St.
Venant torsion function (¢) and the Airy plane strain function (y) for St. Venant-type torsion of
anisotropic bars.

If x. is the axis of centroids of the cross-sections of the bar and if the strains are independent
of x,, the two stress functions are defined by

] . (10.1)
in consequence of which the equilibrium equations
Tii =0 (10.2)
are satisfied. The strains, related to the stresses according to
Si = Sia Twts (10.3)
must satisfy the compatibility equations
Eikm€itnSi =0 (10.4)

where e is the unit alternating tensor. Upon substituting (10.1) in (10.3) and the result in (10.4),
we find Voigt's compatibility equations on ¢ and y [18, p. 643]:

Dn(P +D12X = —20, ‘“(SISKz_ 516K3)/s|1,
(10.5)
Dlz(P + D22X =0,

where k2 and ks are the curvatures in the x, —x, and x,— x; planes and

2 2 2

B T AR .
7 856 9X20%s 66 ax327

a
x>

D11:§55
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a* a* a* 3* _ a8

Dyp=§Fu——5—"28u—3—+Q8n+§u) ——=— 28—+ §2—3, 10.6
22 = 833 ax24 834 ax233x3 (2523 + 5aa) axzzax32 24 ax26x33 22 6x34 ( )
N N N A &
D, = —S355x—23+(545+Sss)m—(szs+s4s)m+hsa—h—s,
in which
Ers = S _srlsls/su; 1,8 =2, 3, 4, 5, 6 (10.7)

It may be seen that, if Di,¢ =0, y may be taken to be zero so that there need be no contour
stresses accompanying torsion and flexure. This is the case if ¢ is quadratic in x, and x;, as it is
for the elliptic section, or if

§2s+§46=545+S-36:s_35=S—2(,=0. (10.8)

It is unlikely that (10.8) would be satisfied unless at least the line of centroids of the cross-sections
is an axis of two-fold symmetry, in which case

S15= S16= S25 = S26 = S35 = S36 = Sas = S46 = 0. (10.9)

Thus, for the truncated equations to hold for anisotropic bars, the normal section must be either
elliptic or a plane of elastic symmetry.

11. ANISOTROPIC BAR, RECTANGULAR SECTION

The rectangular section is bounded by x, = = b, x; = * ¢, as in Article 7, but now the material
is anisotropic with x, a digonal axis of symmetry so that (10.9) hold and (3.8), (3.20), (3.21) and
(3.29) reduce to

00_ 00_ 10_ 01 _
Cis=Crs =Ci5s =C1s =0,

cW=cit=cl'=1sn, cs5=1/sss, cos=1/Ses,
(11.1)
(0230, Cg{so, C(s’g)) = (Css, Cesy Cs6) = (Ses, 855, —Ss6)[Dse,

2
Ase = Ss55866— S5

n 1

Again, from the u,™", m +n >1, we retain only ", u.'?, u,* and u,>’ along with the
corresponding equilibrium equations (7.2). Then, employing (11.1), we find, from (3.7), (3.11),
(3.12) and (3.13), the zero order stresses

Tlo.o = Io,ou(]):(l)/s”,
Ts"" = I*[see(usii + us™) — s5e(u23 + u:")}/Ass,
T = I"[sss(usl + u,"%) - sse(UST + ™)/ Ase,
and, from (3.19), (3.15) and (3.16), the first order stresses
T, =1"%uti/sy, T\"° =TI uillsu, (11.3)
and
See T = —I°%0,+ 1%, + I™*u," + 31720, + 37%u,>?,
(11.4)

§5sTs"® = 120, + T*°0, " + 3121, + I*°u> + 31*7u,?,

in which
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A = saudi s (11.5)

and we have employed (4.4), (3.14) and (3.7).
For the higher order stresses, we find, from (3.28),

s66T60,3 - 10'4011 + 10,4'211,] + (555856/A56) (I().bullﬁ + 312,4ul3.l + 312.6ul3.3) . (sg(,IOAIAS(,IOVZ)
% (I().dull,i% + 3[2.2ulll + 3[2.41/[13'3),

S55T51‘2 = 12,20'l + IZ,ZuAII,l + (Sjsij,/A55) (312.4u11,3 + 14,2u13.l + 3[4.4’1]3‘3) _ (s§612,2/A5612y0)
X (3[22”1“3 + 14.()u13.l + 314.21/“}.3),

secTe' = — I*29 , + 25, + (Ss5S66/ Ase) ([mth3 +31%u> + 3I“u13'3) - (Sgalz'z/Assln'z)
X (I, 4307w + 307 u,™), (11.6)

§ssTs™" =10+ I*°0,"" + (5ss8e6/Ase) BT, + 1°%u,™" + 31°7u,>) — (5 2] *° [ Ase*°)
X (312‘211[1"3 + IA,OM‘S.I + 3[42“‘3.3).

SesTo ™ = =10+ T 00" + (85s8es/Ase) (I %un "™ + 31 uy™ + 314, — (5317 [Asel ™)
X (IOAMlm + 312V2U13'l + 3[2'41,[13'3).

§ssTs 2 =T 0,4+ T2 00" + (8s558s6f Ase) G w2+ 1570, + 315U, — (s 26T Asel ™)
X BI72u, "+ I + 31 u,™).

The equations of extensional and flexural motions are obtained by substituting (11.2) and
(11.3) in (4.1) and (4.2) with the results:
Extensional:
(10'0/31|)U?1?1 +F%= pIO'Oﬁlo'O (11.7)
Flexural (x,— x, plane):

(IO'O/ASG) [SSS(u(Z):(l)l +u :(1)) - Sse,(ug:(l)l + u?:)] + F,"0 = PIO'OI'JEO.O,

(11.8)
(s )ursi— (1" Ase) [sss(uad + ui" %) = sse(usi + "N+ F,"° =0
Flexural (x,— x; plane):
(IO'O/AS(,) [SGﬁ(ug:[l]l + u?:i) - Sse(u(zl:?l +u :?)] + F0 = PIO'Oﬁso'D
(11.9)

(Io'z/sn)u?:il - (IOVO/AS(,) [S%(u2:?+ ulo‘l) - Sse(u(z):? + ull'o)] +F"'=0.

Thus, the extensional mode is independent and the two flexural modes are coupled through sse.

To find the appropriate form of the equation of torsional motion, we must first express the
torque in terms of the twist. This may be done, as in Section 7, by substituting the stresses (11.4)
and (11.6), corresponding to (7.4), in (7.2) and solving for i,"', u,"", u,>" and u,>’ in terms of 6,
corresponding to (7.5). These solutions may then be inserted in (11.4) from which the torque,
Ts"°— T¢>', may be expressed in terms of the twist 8. As in the case of the St. Venant theory of
torsional equilibrium ([19], p. 324), the algebra is simplified in the case sss = 0; for then the solutions
for 4., u,"’, uy>" and u,>’, in terms of 6, become the same as (7.5) except that u,'"" is replaced
by &' and k* is replaced by

k = 55507 [sesb”. (11.10)

As a result, the expression for the torsional rigidity, analogous to (7.7) is
C = (T = T8, = kiss(2b)'2c), (11.11)
where Kk, is given by (7.8) with k replaced by k. Thus Table 1 holds for the case sso = 0if k and k;

are replaced by k and k..
Finally, the equation of torsional motion (for the case ss¢ =0) is, from (4.5) and (11.11),
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16ki554b°c8.11+ Fo = 2bc (b + ¢ 2)pé. (11.12)

It may be observed that the torsional mode is independent of extension (as well as flexure)

despite the appearance of u,*° in (11.5), as the whole of #,"' is eliminated from Ts"° and Te'
through the equilibrium equations (7.2). This property holds whether or not ss, = 0.

21.

22
23
24
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